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 A B S T R A C T

This contribution introduces a game-theoretic framework to infer divisibility levels from observed input–output 
production data. This is accomplished through a new class of 𝑀-parametrized deterministic, nonparametric 
technologies, which extend the conventional convex (𝑀 = ∞) and nonconvex (𝑀 = 1) alternatives by 
incorporating the new notion of natural divisibility. The statistical estimation of 𝑀 is rooted in a bargaining 
game involving two hypothetical players pursuing conflicting objectives: efficiency and divisibility, where 
efficiency is measured in terms of cost and revenue functions (whose value is influenced by 𝑀), whereas the 
divisibility is measured by 𝑀 itself. We employ the Kalai–Smorodinsky bargaining solution as an axiomatic 
approach to achieve an equilibrium divisibility level within the 𝑀-parametrized production possibility set. 
We conduct numerical tests using two secondary data sources, which reveal that 𝑀 = 2 is the recurrent 
equilibrium divisibility. This highlights a limitation of traditional convex and nonconvex frontier methods, 
which both ignore the need for an endogenous assessment of natural divisibility.

1. Introduction

Production possibility sets (PPS) or technologies are commonly used to define relationships between inputs and outputs of production. 
Understanding and estimating input and output divisibility within PPSs is crucial for the correct assessment of production efficiency and 
underpinning decisions about optimal industry structure. The idea of divisibility, which determines how inputs and outputs can be scaled down, 
is fundamental to resolving trade-offs between efficiency and resource allocation in industrial scaling decisions (see the seminal article of Baumol 
and Fischer (1978) and Cesaroni (2020) for a n example of a recent study). For instance, in the energy market, the optimal scaling of wind farms 
or solar installations can be addressed once natural divisibility is known.

In a seminal contribution, Banker et al. (1984) and Färe et al. (1983) implicitly assume infinitely divisible inputs and outputs of production 
and propose to use convex combinations of activities to define the frontier of a PPS. They suggest to evaluate the performance of each observed 
organization with respect to the boundary of this convex PPS (henceforth CPPS). This methodology is part of what is known as the nonparametric 
approach to production analysis (see Varian (1984)).1 Conversely, an alternative definition of the PPS replaces the convex combination of activities 
by their binary selection yielding a nonconvex PPS (introduced by Deprins et al. (1984)). Green and Cook (2004) note that this nonconvex PPS 
(henceforth NCPPS) is attractive because it almost always achieves the best fit to the observations, but also because from a managerial perspective, 
it measures the efficiency of an organization against an observed performance in the data set (rather than against some ‘‘synthetic’’ unobserved 
convex combination).2

Both NCPPS and CPPS postulate strong and opposite modeling assumptions with respect to the notion of divisibility of the input–output pairs. In 
fact, while CPPS assumes an infinite population of strictly efficient input–output pairs (all the pairs obtained as convex combinations of observed 
pairs), NCPPS relies on the idea that the observed organizations are an exhaustive sample of the input–output population and that all strictly 
efficient input–output pairs must be contained in the observed sample. Although the choice of either of these PPSs is important (perhaps even 

I We are grateful to the three most constructive referees of this journal. The usual disclaimer applies.
∗ Corresponding author.
E-mail addresses: k.kerstens@ieseg.fr (K. Kerstens), s.nasini@ieseg.fr (S. Nasini), r.nessah@ieseg.fr (R. Nessah).

1 In the operations research literature, these models are known under the name Data Envelopment Analysis (DEA).
2 This particular PPS is sometimes known as the Free Disposal Hull (FDH).
https://doi.org/10.1016/j.ejor.2025.07.046
Received 26 July 2024; Accepted 21 July 2025
vailable online 5 August 2025 
377-2217/© 2025 Elsevier B.V. All rights are reserved, including those for text and data mining, AI training, and similar technologies. 

https://www.elsevier.com/locate/eor
https://www.elsevier.com/locate/eor
https://orcid.org/0000-0003-3358-4332
https://orcid.org/0000-0001-5740-1065
mailto:k.kerstens@ieseg.fr
mailto:s.nasini@ieseg.fr
mailto:r.nessah@ieseg.fr
https://doi.org/10.1016/j.ejor.2025.07.046
https://doi.org/10.1016/j.ejor.2025.07.046
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ejor.2025.07.046&domain=pdf


K. Kerstens et al. European Journal of Operational Research 329 (2026) 966–980 
crucial) in efficiency and productivity analysis, its selection remains an exogenous modeling choice in state-of-the-art approaches (see for a recent 
survey Sickles & Zelenyuk, 2019).  In practical applications, assuming a PPS structure exogenously can lead to significant distortions in efficiency 
measurement. For example, in regulatory benchmarking exercises (e.g., for utilities or banks), using a CPPS may overestimate inefficiency due to the 
inclusion of unobserved convex combinations of actual firms. Conversely, using a NCPPS may underestimate potential improvement opportunities 
by restricting reference sets to observed peers only. In both cases, the efficiency assessments (and the managerial or policy recommendations that 
follow) can be misaligned with the true underlying technology.

This paper presents a new methodology to study discrete technological frontiers and to estimate the discretization level from observed input–
output data. This is done by a family of 𝑀-parametrized PPS, containing the CPPS (𝑀 = ∞) and the NCPPS (𝑀 = 1) as extreme cases of the 
proposed 𝑀-parametrization. In line with the idea of Green and Cook (2004), our parametrized PPS extends the NCPPS one by including points 
that are obtained by a discrete weighted combination of subsets of organizations. Hence, in contrast with the NCPPS, reference points in the frontier 
of the PPS are not restricted to single organizations. However, in contrast with the CPPS, a discrete weighted combination rather than a convex 
combination is adopted. By tuning these discrete combination weights, the proposed parametrized PPS accommodates both extreme cases of CPPS 
and NCPPS.

The idea of a family of PPSs that nests as (restrictive) extreme cases both CPPS and NCPPS has been introduced by Chavas and Kim (2015). 
These authors propose a neighborhood-based approach, where subsets of activities are taken together. While sharing a common objective, a key 
difference between our natural divisibility based approach and the Chavas and Kim (2015) neighborhood-based approach relates to the economic 
interpretation of nonconvexity. Chavas and Kim (2015) assumes away convexity by enforcing neighborhood-based constraints on the aggregation 
of downscaled plans, capturing specialization and diseconomies of scope, which are in conflict with the idea of convex isoquants, but not with 
the idea of having isoquants that are unions of convex subsets of neighbor ing points. Conversely, our approach to address nonconvexity enforces 
constraints on the level of aggregation of downscaled plans, which reflects different input–output divisibility levels.

While Frank (1969) is likely the first economic analysis of production theory under the indivisibility of inputs and outputs, Bevia et al. (1999) 
is likely the first study of economic equilibrium with indivisible goods. The study of discrete divisibilities in production processes has then been 
refined in the microeconomic literature by the pioneering work of Scarf (1977, 1981b, 1981a, 1986, 1994). He investigates the preclusion of prices 
to support efficient production plans in the absence of convexity.

From the operations research perspective, the analysis of discrete divisibilities has been proposed by Lozano and Villa (2006), who address the 
quest for an integer-valued PPS to replace the traditional CPPS and NCPPS models by a mixed integer linear programming production frontier 
model that guarantees the integrality of input–output pairs. Kuosmanen and Matin (2009) emphasize that the approach of Lozano and Villa (2006) 
suffers from a lack of axiomatization as it violates the standard assumptions of Banker et al. (1984). Next, they propose an axiomatization for 
integer PPSs, compatible with free disposability. Matin and Kuosmanen (2009) extend and generalize the axiomatic foundation of Kuosmanen and 
Matin (2009) for the integer PPS under variable, non-decreasing and non-increasing returns to scale.

To a large extent, while the need to deal with discrete divisibilities in production processes has been integrated into the main corpus of CPPS 
and NCPPS by Lozano and Villa (2006), Kuosmanen and Matin (2009) and Matin and Kuosmanen (2009), the quest for endogenously defined 
discretizations gives rise to a whole new level of modeling complexity. This is due to the fact that discretization levels are typically unknown 
when production frontiers are to be estimated and are implicitly encoded by the specification of PPSs. The empirical benefit of an endogenous 
characterization of the discretization level can be easily appreciated in a range of productivity estimation contexts in which the underestimation 
and overestimation of firms’ efficiency can lead to potentially opposite managerial conclusions. For instance, Bogetoft and Kerstens (2024) propose 
a nonparametric approach to distinguish between the usefulness and the wastefulness of the available slack in production plans, whereby the slack 
is associated with the input inefficiency under a specific PPS. Evidently, an endogenous characterization of the discretization levels entails a distinct 
PPS and in turn a distinct estimation of input inefficiency and available slacks. Related examples can be invoked for the analysis of productivity 
change (Atkinson et al., 2003) where the divisibility level is fixed.

Our discretization approach ranges from infinitely divisible activities in CPPS (‘‘infinitely dense discretization’’) to indivisible activities in NCPPS 
(‘‘binary discretization’’) from which an endogenous characterization can be established. By generalizing both approaches, our theoretical results 
show that the proposed family of parametrized PPS gives rise to a monotonic sequence of cost minimization and revenue maximization problems, 
leading to a monotonic sequence of efficiency estimations mapping increasing discretization levels (𝑀 = 1, 𝑀 = 2, …, 𝑀 = ∞).

Building on this fundamental property, the discretization level is endogenously inferred by setting up a system of axioms that a suitable 
discretization level 𝑀 is required to satisfy. In this vein, we tailor a cooperative bargaining game where two imaginary players target conflicting 
objectives: efficiency on the one hand, and divisibility on the other hand. One player prefers a PPS in which the observed organizations attain 
the maximum efficiency ( in casu, NCPPS); the other player prefers a PPS where all input–output pairs are infinitely divisible ( in casu, CPPS). 
Everything in between constitutes a 𝑀-parametrized frontier that encodes a bargaining set ranging between these two extremes.

While the inefficiency estimation for nonconvex technologies has a long tradition in the mathematical economic literature (First et al., 1993), the 
use of bargaining models to interpret inefficiency has been initiated by Haskel and Sanchis (2000). These authors explain the observed inefficiencies 
by the idea that workers can bargain low effort (high crew sizes, for instance) and high wages, while firms desire exactly the opposite. The structural 
difference between the bargaining theory of Haskel and Sanchis (2000) and our advocated approach relies on the inferential idea of establishing an 
axiomatic system that a suitable divisibility level ideally should satisfy. Hence, unlike Haskel and Sanchis (2000), our bargaining approach solely 
pursues the inferential goal of an axiomatic characterization, in line with the work of Leamer (1978) and Ley (2006), which provide an economic 
micro-foundation of a Bayesian inference problem as a bargaining game over an unknown parameter value.

We adopt the Kalai–Smorodinsky Bargaining Solution (KSBS) (Kalai & Smorodinsky, 1975; Roth, 1979; Peters & Tijs, 1984) to attain an 
equilibrium divisibility level in the 𝑀-parametrized PPS. Next, we translate this axiomatic system into a bilevel optimization problem and solve 
it by Single Level Reformulation (SLR). A somewhat related approach  is found in Boussemart et al. (2019) in the case of 𝛼-returns to scale, to 
estimate a common parameter 𝛼 based on a goodness-of-fit approach. The key difference with regard to our advocated approach for the estimation 
of the natural divisibility relates to the monotonicity of the cost and revenue functions with respect to the unknown parameter 𝑀 : this property 
prevents any goodness-of-fit argument  from addressing the statistical estimation of 𝑀 (i.e., the divisibility level  closest to the data is always 
𝑀 = 1). Hence, the use of dedicated bargaining axioms allows us to circumvent the non-informativeness of the goodness-of-fit criterion in our 
context.

On the empirical side, the proposed methodology is tested using input–output production data from two secondary data sets. On the one hand, 
we employ U.S. farm sector data at the state level over the period 1960–2004 (e.g., Ball et al. (2014)). On the other hand, we exploit U.S. banking 
data from Aly et al. (1990) of a random sample of 322 banking firms from the year-end 1986.
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Anticipating our empirical results, the U.S. farm sector data show that 𝑀 = 2 (half-point input–output discrete combination) is the recurrent 
equilibrium divisibility level in the time horizon 1960–2004 when the returns to scale parameters are exogenous to the bargaining scheme (namely, 
when it is determined by the cost minimization or revenue maximization problems). Conversely, when the returns to scale parameters are assumed 
to be part of the bargaining scheme (and estimated by the KSBS approach) alongside 𝑀 , the most frequent equilibrium divisibilities are 𝑀 = 2
and 𝑀 = 3. These numbers are stable both for cost minimization and revenue maximization approaches. An analogous result is obtained using the 
U.S. banking data, reaffirming the step-wise , nonconvex nature of the production possibility frontier.  These findings suggest that neither the fully 
convex nor fully nonconvex PPS accurately reflect observed production structures. As a result, the proposed bargaining-theoretic approach to infer 
natural divisibility, not only gives rise to a richer theoretical framework, but also provides a pragmatic tool for practitioners who seek avoiding 
the risk of model misspecification, ultimately leading to more reliable benchmarking.

The rest of the contribution is organized as follows. Section 2 presents a general modeling design for cost minimization and revenue maximization 
based on the proposed PPS for endogenous discrete divisibility. In Section 3 we define a cooperative bargaining game between an efficiency and a 
divisibility player and formulate it as a bi-level optimization problem.  Section 4 presents our empirical analysis. Section 5 concludes. Appendix 
A contains the mathematical proofs of propositions.

2. Technology, cost and revenue functions, and natural divisibility

Throughout the contribution, vectors are denoted with boldface characters and  are column vectors. The symbols R, N, and Q are adopted with 
the usual meaning: the sets of real, natural, and rational numbers, whereas R+ and Q+ refers to the non-negative reals and rationals. The symbol 
N𝑔 refers to all the natural numbers smaller or equal to 𝑔. All other sets are denoted with calligraphic letters.

Let  be a collection of firms (with || = 𝐾) and for each 𝑘 ∈ , let 𝐱̃𝑘 ∈ R𝑛 and 𝐲̃𝑘 ∈ R𝑚 be the observable input and output vectors 
respectively. Following a column-wise layout, we introduce the notation 𝑌 = [(𝐲̃1)⊤;… ; (𝐲̃𝐾 )⊤]⊤ ∈ R𝐾×𝑚 and 𝑋 = [(𝐱̃1)⊤;… ; (𝐱̃𝐾 )⊤]⊤ ∈ R𝐾×𝑛, 
representing matrices containing the observed output and input vectors of the 𝐾 firms, respectively. The universal set of observed production units 
is defined as  = {(𝐱̃1, 𝐲̃1),… , (𝐱̃𝐾 , 𝐲̃𝐾 )}.

For a general firm, we define the PPS as follows:
 = {(𝐱, 𝐲) ∶ 𝐱 can produce at least 𝐲}.

The input and output sets are (𝐲̃) = {𝐱 ∶ (𝐱, 𝐲̃) ∈  } and (𝐱̃) = {𝐲 ∶ (𝐱̃, 𝐲) ∈  }, respectively. Geometrically, (𝐲̃) is a translation of the 
nonnegative orthant, whereas (𝐱̃) is a box in R𝑚.

Traditional deterministic nonparametric frontier methods establish that PPSs must satisfy the following assumptions.

Axiom A1 (A1: No Free Lunch). (0) = 0.

Axiom A2 (A2: Closedness).   is closed.

Axiom A3 (A3: Strong Disposability of Inputs). If (𝐱, 𝐲) ∈  , then (𝜆𝐱, 𝐲) ∈   for all 𝜆 ≥ 1.

Axiom A4 (A4: Strong Disposability of Outputs). If (𝐱, 𝐲) ∈  , then (𝐱, 𝜆𝐲) ∈   for all 𝜆 ≤ 1.

Axiom A5 (A5: Envelopment). (𝐱̃𝑘, 𝐲̃𝑘) ∈  , for all 𝑘 ∈  (i.e.,  ⊆  ).

Axioms  A1 and A2 are weak mathematical regularity  or technical assumptions: i.e., inaction is feasible, and technology is closed. Strong or free 
disposability of inputs (outputs) in Axiom  A3 (Axiom  A4) means that inputs (outputs) can be increased (decreased) while maintaining the same 
output (input) levels.  By eventually weakening traditional strong disposability assumptions, one obtains technologies that allow one to model the 
phenomenon of congestion, which is best interpreted as an extreme form of technical inefficiency. Axiom  A5 states that the technology must 
include all observed production units in the set  , which is important when estimating PPSs using input–output data.

By a suitable combination of these axioms, a plethora of production models becomes available that allow estimating all traditional parameters 
of interest: returns to scale, economies of scale, economies of scope, etc. (see the reviews of Färe et al. (1994) and Briec et al. (2022) for the 
convex and nonconvex case, respectively). In this vein, a large attention has been devoted to the assumption of convexity (Banker et al., 1984). 
This represents the assumption of time divisibility, as it is only ‘‘valid for time divisibly-operable technologies’’ (Shephard (1970, p. 15)).

Axiom A6 (A6: Convexity). For 𝜆 ∈ [0, 1], if (𝐱, 𝐲), (𝐱′, 𝐲′) ∈  , then (𝜆𝐱 + (1 − 𝜆)𝐱′, 𝜆𝐲 + (1 − 𝜆)𝐲′) ∈  .

Axiom  A6 indicates that a linear combination of two activities is always feasible. As noted by Arrow and Hahn (1971), convexity can be 
established as a consequence of two more elementary hypotheses: continuous divisibility and additivity. Production is said to be continuously 
divisible if 𝜆𝐬 is also an input–output pair for 𝜆 ∈ [0, 1] whenever 𝐬 = (𝐱, 𝐲) is an input–output pair. Production is said to be additive if 𝐬1 + 𝐬2 are 
also input–output pairs whenever 𝐬1 = (𝐱1, 𝐲1) and 𝐬2 = (𝐱2, 𝐲2) are input–output pairs.

Lemma 1 (Lemma 1 from Arrow and Hahn (1971)). If production is continuously divisible and additive, then the production possibility set is convex and 
exhibits constant returns to scale, that is, it is a convex cone.

Constant returns to scale is a strong assumption on technology. However, continuous divisibility is also a very strong assumption that we 
explicitly try to weaken by introducing a kind of natural divisibility notion. Turning to dual representations of the production possibility set, the 
cost and revenue functions are now defined. The cost function indicates the minimum expenditures needed to produce an output vector 𝐲̃ for given 
input prices 𝐩𝐼 ∈ R𝑛: 

𝐶(𝐲̃;𝐩 ) = min{𝐩⊤𝐱 ∶ (𝐱, 𝐲̃) ∈  } = min{𝐩⊤𝐱 ∶ 𝐱 ∈ (𝐲̃)}. (1)
𝐼 𝐼 𝐼
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Properties of the cost function in the input prices and in the outputs are detailed in Färe (1988, p. 83, p. 87). For our purpose, it is worthwhile 
stressing the following property in the outputs: if the graph of the technology is convex, then the cost function 𝐶(𝐲̃;𝐩𝐼 ) is convex in the outputs 
𝐲̃ (Färe (1988, property C.8)). Thus, by contraposition, when the cost function is nonconvex in the outputs, then the technology is nonconvex. 
This implies that one ideally must test the convexity of the cost function in the outputs. The revenue function is defined as the maximum revenue 
obtainable from an input vector 𝐱̃ for given output prices 𝐩𝑂 ∈ R𝑚: 

𝑅(𝐱̃;𝐩𝑂) = max{𝐩⊤𝑂𝐲 ∶ (𝐱̃, 𝐲) ∈  } = max{𝐩⊤𝑂𝐲 ∶ 𝐲 ∈ (𝐱̃)}. (2)

Properties of the revenue function in the output prices and in the inputs are detailed in Färe (1988, p. 93–94). A key property in the inputs for our 
purpose is worthwhile highlighting: if the graph of the technology is convex, then the revenue function 𝑅(𝐱̃;𝐩𝑂) is concave in the inputs 𝐱̃ (Färe 
(1988, property R.8)). Again by contraposition, when the revenue function is nonconcave in the inputs, then the technology is nonconvex. This 
implies that one ideally must test the concavity of the revenue function in the inputs.  We now turn to the specification of the traditional CPPS 
and NCPPS models: these are the basis to develop the new naturally divisible PPS.

Given a  set of observed input–output pairs  , let 𝐳 be the 𝐾-dimensional activity vector attaching weights to each observation, in such a 
way as to impose that an efficient input 𝐱 must be a combination of observed inputs 𝑋 (for cost minimization) or an efficient output 𝐲 must be 
a combination of observed output 𝑌  (for revenue maximization). In the traditional nonparametric production frontier literature, following Briec 
et al. (2004) the PPS induced by  is specified as follows: 

𝓁(𝛿) =
{

(𝐱, 𝐲) ∶ 𝐱 ≥ 𝛿𝑋⊤𝐳, 𝐲 ≤ 𝛿𝑌 ⊤𝐳, 𝐳 ∈ 𝛬𝓁} , (3)

where 𝛿 is defined as a returns to scale factor (i.e., a proportionality constant), which is assumed to belong to a set 𝛥 = {𝑑 ∈ R+ ∶ 𝑑 ≥ 𝛥𝐿𝐵 , 𝑑 ≤ 𝛥𝑈𝐵}
with 1 ∈ 𝛥 and 𝛥𝐿𝐵 ≤ 𝛥𝑈𝐵 . Based on the standard classification, depending on whether 𝛥𝐿𝐵 = 1 and 𝛥𝑈𝐵 = ∞, (i.e., 𝛿 ≥ 1) or 𝛥𝑈𝐵 = 1 and 𝛥𝐿𝐵 = 0, 
(i.e., 𝛿 ≤ 1) the PPS reflects non-decreasing or non-increasing return to scale, respectively. The scalar 𝛥𝐿𝐵 = 𝛥𝑈𝐵 = 1 denotes variable or flexible 
returns to scale. Finally, if 𝛥𝐿𝐵 = 0 and 𝛥𝑈𝐵 = ∞, then we have the case of constant return to scale. Additionally, 𝛬𝓁 =

{

𝐳 ∈ [0, 1]𝐾 ∶ 𝐳⊤𝟏 = 1
}

, 
for 𝓁 = 𝐶 (full divisibility), and 𝛬𝓁 =

{

𝐳 ∈ {0, 1}𝐾 ∶ 𝐳⊤𝟏 = 1
}

, for 𝓁 = 𝑁𝐶 (non-divisibility). The labels 𝐶 and 𝑁𝐶 refer to the convex and 
nonconvex PPS, respectively related to the CPPS and NCPPS approaches. Note that in the case of non-divisibility, the input–output of any firm 
must be proportional to one of those observed in  , based on the binary selection (NCPPS approach). Conversely, in the case of full-divisibility, 
the input–output of any firm is proportional to any convex combinations of the ones in  (CPPS approach). On that account, the dividing line 
between convex and nonconvex frontier methods pivots on the notion of divisibility, which is assumed to be either infinity (for the convex case) 
or null (for the nonconvex case).

Building on 𝓁(𝛿), linear programming and mixed-integer-linear-programming approaches can be used to characterize the cost and revenue 
functions 𝐶(𝐲̃;𝐩𝐼 ) and 𝑅(𝐱̃;𝐩𝑂), respectively (see Briec et al. (2004)). Using a standard notation for both problems, we define the following matrix 
objects:

𝐴(𝑠) =
{

𝑌 ⊤  if 𝑠 = 1,
−𝑋⊤  if 𝑠 = 0,

𝑞(𝑠) =
{

𝑚  if 𝑠 = 1,
𝑛  if 𝑠 = 0,

𝐩(𝑠) =
{

𝐩𝐼  if 𝑠 = 1,
−𝐩𝑂  if 𝑠 = 0,

and

𝐷(𝑠) =
{

𝐼𝑛  if 𝑠 = 1,
−𝐼𝑚  if 𝑠 = 0,

𝐛𝑘(𝑠) =
{

𝐲̃𝑘  if 𝑠 = 1,
−𝐱̃𝑘  if 𝑠 = 0,

 and 𝐴(𝛿, 𝑠) = 𝛿𝐴(𝑠).

where 𝑠 = 1 refers to cost minimization and 𝑠 = 0 refers to revenue maximization. The cost and revenue functions can be expressed as: 

𝛼𝑘(𝛿𝑘,𝓁, 𝑠) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

min
𝐳, 𝐰

𝐩(𝑠)⊤𝐰 (4a)

subj. to 𝐴(𝛿𝑘, 𝑠)𝐳 ≥ 𝐛𝑘(𝑠) (4b)

𝐴(𝛿𝑘, 1 − 𝑠)𝐳 +𝐷(𝑠)𝐰 ≥ 0 (4c)

𝐳 ∈ 𝛬𝓁 , (4d)

 when the return to scale factor 𝛿𝑘 is regarded as an exogenous parameter with respect to the cost and revenue function, and 

𝛼𝑘(𝓁, 𝑠) =

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

min
𝛿, 𝐳, 𝐰

𝐩(𝑠)⊤𝐰 (5a)

subj. to 𝐴(𝛿, 𝑠)𝐳 ≥ 𝐛𝑘(𝑠) (5b)

𝐴(𝛿, 1 − 𝑠)𝐳 +𝐷(𝑠)𝐰 ≥ 0 (5c)

𝐳 ∈ 𝛬𝓁 , 𝛿 ∈ 𝛥, (5d)

 when the return to scale factor is included as a decision variable. Note that problem (4a)–(4d) is less common than problem (5a)–(5d) to represent 
cost and revenue functions in the production literature. However, this representation is instrumental to the bargaining scheme to be introduced in 
Section 3.

Note that in light of the parameter signs and the direction of constraints, there is no need for variable bounds 𝐰 ≥ 0 in problems (4a)–(4d) and 
(5a)–(5d). Altogether, given a collection of observed input–output pairs  (encoded in matrices 𝐴(𝑠), for 𝑠 ∈ {0, 1}), we obtain

𝛼𝑘(𝛿𝑘,𝓁, 𝑠) =

{

𝐶(𝛿𝑘, 𝐲̃;𝐩𝐼 )  if 𝑠 = 1,
𝑅(𝛿𝑘, 𝐱̃;𝐩𝑂)  if 𝑠 = 0,

and 𝛼𝑘(𝓁, 𝑠) =

⎧

⎪

⎨

⎪

⎩

𝐶(𝐲̃;𝐩𝐼 )  if 𝑠 = 1,

𝑅(𝐱̃;𝐩𝑂)  if 𝑠 = 0.

Note that the basic nonconvex cost function with variable returns to scale is equivalent to the Weak Axiom of Cost Minimization of Varian 
(1984) (see Kerstens and Van de Woestyne (2021, p. 85)).
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2.1. Naturally divisible production possibility sets

Building on the characterization of 𝓁(𝛿) in (3), forms of natural divisibility can be established by allowing for discrete input–output combinations 
of efficient points from  . We consider the following natural divisibility axiom.

Axiom A7 ( A7: Natural Divisibility). For all (𝐱, 𝐲) ∈  , there exists 𝑀 ∈ N, such that for all 𝜆 ∈ N, we have
( 𝑀
𝑀 + 𝜆

𝐱, 𝑀
𝑀 + 𝜆

𝐲
)

∈  .

Axiom  A7 implies that an input–output pair is 𝑀-divisible if and only if it can be rescaled by 𝑀∕(𝑀 + 𝜆) and still be a feasible input–output 
combination. This axiom is weaker than the traditional notion of continuous divisibility (see supra).  This novel natural divisibility notion allows 
for the first time to ask questions about how inputs and outputs of production can be optimally scaled down. This is done by endogenizing 𝑀 into 
a statistical estimation framework (as studied in Section 3).

We can now define the Naturally Divisible Production Possibility Set (NDPPS) as follows: 

 (𝛿,𝑀) =
{

(𝐱, 𝐲) ∶ 𝐱 ≥ 𝛿𝑋⊤𝐳, 𝐲 ≤ 𝛿𝑌 ⊤𝐳, for 𝐳 ∈
{

0, 1
𝑀

, 2
𝑀

,… , 1
}𝐾

, 𝐳⊤𝟏 = 1
}

. (6)

Comparing the NDPPS in (6) to the PPS in (3), we observe that both technologies contain exactly the same inequalities in inputs and outputs. 
However, the combination of activities that composes the envelope of input–output pairs (as established by 𝐳⊤𝟏 = 1) embodies Axiom  A7 by 
restricting 𝐳 to be part of the set 

{

0, 1
𝑀 , 2

𝑀 ,… , 1
}𝐾

. This entails that for each 𝑀 , the set  (𝛿,𝑀) is nonconvex.

Remark 1.  This definition implies:  (𝛿, 1) = 𝑁𝐶 (𝛿) and  (𝛿,𝑀) ⊂ 𝐶 (𝛿), for all 𝑀 ∈ N.

Building on this property, this class of NDPPS nests as restrictive cases both CPPS and NCPPS, in line with the work of Chavas and 
Kim (2015). However, while the neighborhood-based approach proposed by Chavas and Kim (2015) consists in the combination of subsets 
of activities (downscaled plans, capturing specialization and diseconomies of scope), a key difference with respect to  (𝛿,𝑀) relates to the 
economic interpretation of nonconvexity. Our approach establishes a discrete aggregation of downscaled plans (which reflects different input–
output divisibility levels) as microeconomic origin of nonconvexity. Hence, our advocated NDPPS does not consider the aggregation of subsets of 
activities, but focuses on the discrete way in which such aggregation is attained.

It is noteworthy that, unlike the modeling specifications of Lozano and Villa (2006), Kuosmanen and Matin (2009) and Matin and Kuosmanen 
(2009), the discrete aggregation in the proposed NDPPS does not assume input–output pairs to be integer, avoiding the need to depart from the 
strong disposability axioms and the creation of a dedicated collection of integer disposability axioms. The following proposition establishes natural 
properties of  (𝛿,𝑀).

Proposition 1 (Minimum Extrapolation). For all 𝛿 ∈ 𝛥 and 𝑀 ∈ N,  (𝛿,𝑀) satisfies Axioms  A1–A4. There exists 𝛿 ∈ 𝛥 such that  (𝛿,𝑀) satisfies
Axiom  A5.

Proposition 2 (Monotonicity). For all 𝛿 ∈ 𝛥 and 𝑀 ∈ N, 𝑁𝐶 (𝛿) ≡  (𝛿, 1) ⊆  (𝛿,𝑀) ⊂  (𝛿, 2𝑀).

Proposition 3.  Let us define
̃ =

⋃

𝑀∈N
 (𝛿,𝑀).

̃  satisfies Axiom  A7.
Propositions  1 and 2 reveal suitable properties that establish the NDPPS as a generalization of the traditional 𝓁(𝛿). Proposition  3 entails that 

the whole NDPPS class satisfies the natural divisibility Axiom  A7.

Example 1.  We illustrate the NDPPS associated to a stylized case of input–output pairs. Let 𝑎̃ ∈ N, 𝑎̃ > 1 and consider a collection of input–output 
data { (ℎ)}𝑎̃ℎ=1, with 𝑛 = 𝑚 = 1 and 𝐾 = 3:

 (ℎ) = {𝜋1 = (𝐱̃1, 𝐲̃1(ℎ)), 𝜋2(ℎ) = (𝐱̃2(ℎ), 𝐲̃2(ℎ)), 𝜋3 = (𝐱̃3, 𝐲̃3)},

where for all ℎ = 1,… , 𝑎̃, input–output pairs are defined as 
{

𝐱̃1(ℎ) = 𝐲̃1(ℎ) = 1
𝐱̃3(ℎ) = 𝐲̃3(ℎ) = 𝑎̃

 and (

𝐱̃2(ℎ), 𝐲̃2(ℎ)
)

=

{( 1 + 𝑎̃
ℎ

− 𝜖, 1
)

 if h > 1
(𝑎̃ − 𝜖, 1)  otherwise,

(7)

for some 𝜖 > 0. We define as  (ℎ)(𝛿,𝑀) the NDPPS constructed by the envelop of  (ℎ). Fig.  1 displays this family of NDPPSs for 𝛿 = 1, where the 
blue, red and green dotted lines represent the frontier NDPPS with 𝑀 = 1, 𝑀 = 2 and 𝑀 = 3, respectively.

The second input–output pair 𝜋2 is output efficient with respect to  (ℎ)(1,𝑀) iff

∃ 𝓁 ∈ {0,… ,𝑀}; 𝐱̃2(ℎ) ∈
[

𝓁 + 𝑎̃(𝑀 − 𝓁)
𝑀

,
𝓁 + 1 + 𝑎̃(𝑀 − 𝓁 − 1)

𝑀

]

⟹ 𝐲̃2(ℎ) =
𝓁 + 𝑎̃(𝑀 − 𝓁)

𝑀
.

We have the following facts:
- point 𝜋2(1) (blue dot in Fig.  1) is output efficient with respect to  (1)(1, 1), whereas it is not output efficient with respect to  (1)(1,𝑀), for 
any 𝑀 > 1;
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Fig. 1. Input–output pairs in  (1),  (2) and  (3).  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

- point 𝜋2(2) (red dot in Fig.  1) is output efficient with respect to  (2)(1, 2), whereas it not output efficient with respect to  (2)(1,𝑀), for any 
𝑀 > 2;

- point 𝜋2(3) (green dot in Fig.  1), is output efficient with respect to  (3)(1, 3), whereas it is not output efficient with respect to  (3)(1,𝑀), for 
any 𝑀 > 3.

Consequently, the efficiency or inefficiency interpretation of an input–output pair relies heavily on our assumption regarding the inherent level 
of natural divisibility.

2.2. Cost and revenue functions under the NDPPSs

Analogous to the problems (4a)–(4d) and (5a)–(5d) solving for the cost and revenue functions under PPS, we provide mixed-integer linear 
programming formulations for the cost and revenue functions under NDPPS (6) as: 

𝛽𝑘(𝛿𝑘,𝑀, 𝑠) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

min
𝐳, 𝐰

𝐩(𝑠)⊤𝐰 (8a)

subj. to 𝐴(𝛿𝑘, 𝑠)𝐳 ≥ 𝐛𝑘(𝑠) (8b)

𝐴(𝛿𝑘, 1 − 𝑠)𝐳 +𝐷(𝑠)𝐰 ≥ 0 (8c)

𝐳⊤𝟏 = 1 (8d)

𝐰 ≥ 0, (8e)

𝑧𝑘 ∈
{

0, 1
𝑀

, 2
𝑀

,… , 1
}

, (8f)

 when the return to scale factor 𝛿𝑘 is regarded as an exogenous parameter, and 

𝛽𝑘(𝑀, 𝑠) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

min
𝐳, 𝐰, 𝛿

𝐩(𝑠)⊤𝐰 (9a)

subj. to 𝐴(𝛿, 𝑠)𝐳 ≥ 𝐛𝑘(𝑠) (9b)

𝐴(𝛿, 1 − 𝑠)𝐳 +𝐷(𝑠)𝐰 ≥ 0 (9c)

𝐳⊤𝟏 = 1 (9d)

𝐰 ≥ 0, (9e)

𝑧𝑘 ∈
{

0, 1
𝑀

, 2
𝑀

,… , 1
}

(9f)

𝛿 ∈ 𝛥, (9g)

 when the return to scale factor is included as a decision variable.

Remark 2 (Value Function Generalization). Notice that for any 𝑘 ∈ , 𝛿 ∈ 𝛥 and 𝑀 ∈ N for which (4a)–(4d) is feasible, we have
𝛼𝑘(𝛿, 𝐶, 𝑠) ≤ 𝛽𝑘(𝛿,𝑀, 𝑠) ≤ 𝛽𝑘(𝛿, 1, 𝑠) = 𝛼𝑘(𝛿,𝑁𝐶, 𝑠).

In line with Remarks  1, 2 asserts a fundamental consequence of the fact that CPPS and NCPPS are included in the proposed class of NDPPSs 
in a hierarchical manner. This constitutes an important property in the context of the statistical estimation of natural divisibility by cooperative 
bargaining, as discussed next in Section 3.

The subsequent two propositions establish that problem (8a)–(8f) constitute a generalization of (4a)–(4d), for the case when 𝑁𝐶 (𝛿) or 𝐶 (𝛿)
are replaced by  (𝛿,𝑀).
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Lemma 2 (Fractional Equivalence). For any 𝑀 ∈ N, consider the following problem 

𝛽𝑘(𝛿,𝑀, 𝑠) =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

min
𝐳, 𝐰

𝐩(𝑠)⊤𝐰 (10a)

subj. to 1
𝑀

𝐴(𝛿, 𝑠)𝐳 ≥ 𝐛𝑘(𝑠) (10b)

1
𝑀

𝐴(𝛿, 1 − 𝑠)𝐳 +𝐷(𝑠)𝐰 ≥ 0 (10c)

𝐳⊤𝟏 = 𝑀 (10d)

𝑧𝑘 ∈ Q𝐾
𝑀 (10e)

𝐰 ≥ 0, (10f)

 where Q𝑀 = {𝑎𝑀 such that 𝑎 ∈ Q ∩ [0, 1]}. There exists 𝑀 ′ ∈ N such that for any optimal solution of (10a)–(10f) (say 𝐳(𝑀 ′)), there exists an optimal 
solution of (8a)–(8f) (say 𝐳′(𝑀 ′)), such that 𝐳(𝑀 ′) = 𝑀 ′𝐳′(𝑀 ′).

Proposition 4 (Value Function Monotonicity). For any 𝑘 ∈ , problem (10a)–(10f) satisfies
𝛽𝑘(𝑀, 𝑠) ≤ 𝛽𝑘(𝑀 − 1, 𝑠).

Proposition 5 (Value Function Convergence). For any 𝑘 ∈ , problem (8a)–(8f) satisfies
lim

𝑀→∞
𝛽𝑘(𝛿,𝑀, 𝑠) = 𝛼𝑘(𝛿, 𝐶, 𝑠).

and there exists 𝑀𝑈𝐵 ∈ N, such that
𝛽𝑘(ℎ𝑀𝑈𝐵 , 𝑠) = 𝛼𝑘(𝛿, 𝐶, 𝑠),  for each ℎ ∈ N.

Propositions  4 and 5 reaffirm the core message of Proposition  2, establishing a form of convergence of the sequence of PPS { (𝛿,𝑀)}∞𝑀=1, 
which approaches 𝐶 (𝛿) when 𝑀 goes to infinity, while containing 𝑁𝐶 (𝛿) when 𝑀 = 1. The sequence of cost/revenue functions {𝛽𝑘(𝛿,𝑀, 𝑠)}∞𝑀=1
not only admits a monotonic subsequence (Proposition  4), but converges to the cost/revenue functions related to 𝐶 (𝛿) and 𝑁𝐶 (𝛿) (consistent with 
Remark  2). It is important to note that Proposition  5 entails the search for a suitable 𝑀 bounded within one and 𝑀𝑈𝐵 , as explained in detail in 
the next section.

3. Estimating natural divisibility by cooperative bargaining

We propose in this section a nonparametric estimation approach to infer the divisibility level 𝑀 ∈ {1,… ,𝑀𝑈𝐵} which is common within the 
same industry and the firm-specific return to scale level 𝛿𝑘 ∈ 𝛥, for 𝑘 ∈ . This approach establishes an analogy between the statistical inference 
problem and a bargaining game over the parameter value, in line with the work of Leamer (1978) and Ley (2006). To this end, we define the gain 
functions:

{

𝑈 ∶ dom() × N × R+ → [0, 1] if 𝛿𝑘 is an exogenous parameter (problem (8a)–(8f)),
𝑈 ∶ dom() × N → [0, 1] ∶ N → [0, 1] if 𝛿𝑘 is a decision variable (problem (9a)–(9g)),

which quantify the goodness of fit (measured as either cost or revenue efficiency) of the observed input–output pairs to the cost or revenue functions 
(8a)–(8f) and (9a)–(9g). A possible example of these gain functions is 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑈 ( ,𝑀, 𝜹) = 1 − 1
𝐾

∑

𝑘∈

𝐩(𝑠)⊤𝐛𝑘(𝑠) − 𝛽𝑘(𝛿𝑘,𝑀, 𝑠)
𝑎̃𝑘(𝑠)

,

𝑈 ( ,𝑀) = 1 − 1
𝐾

∑

𝑘∈

𝐩(𝑠)⊤𝐛𝑘(𝑠) − 𝛽𝑘(𝑀, 𝑠)
̃̃𝑎𝑘(𝑠)

,

(11)

where 𝜹 = [𝛿1, … , 𝛿𝐾 ]⊤ and |𝑎̃𝑘(𝑠)| and 𝛿𝑘| ̃̃𝑎𝑘(𝑠)| are upper bounds for |𝐩(𝑠)⊤𝐛𝑘(𝑠) − 𝛽𝑘(𝛿,𝑀, 𝑠)| and |𝐩(𝑠)⊤𝐛𝑘(𝑠) − 𝛽𝑘(𝑀, 𝑠)|, respectively. Note that 
based on Proposition  2, these specifications of 𝑈 ( ,𝑀, 𝜹) and 𝑈 ( ,𝑀) are non-increasing in 𝑀 ∈ {𝑚 ∶ 𝑚 = 2ℎ, ℎ ∈ N}.3

Axiom  A8 below establishes a desirable property for an estimator of 𝑀 to satisfy.

Axiom A8 ( A8: Monotonicity of the Estimator). Let 𝑀∗() be the estimated natural divisibility for a data set  . Given two data sets  and  ′, 
for all 𝑀 ∈ N:

if max
ℎ≥𝑀

𝑈 ( , ℎ, 1) ≤ max
ℎ≥𝑀

𝑈 ( ′, ℎ, 1),  then 𝑈 ( ,𝑀∗(), 1) ≤ 𝑈 ( ′,𝑀∗( ′), 1);

if max
ℎ≥𝑀

𝑈 ( , ℎ) ≤ max
ℎ≥𝑀

𝑈 ( ′, ℎ),  then 𝑈 ( ,𝑀∗()) ≤ 𝑈 ( ′,𝑀∗( ′)).

The intuition behind this mild assumption relates to the fact that observing less efficiency in a data set (a larger mismatch between the cost 
or revenue function and the empirically observed cost or revenue values) must translate into less efficiency under the estimated value of 𝑀 . 
Consistently, building on Axiom  A8, the key premise behind the estimator 𝑀∗() proposed in this section is that this parameter governs two 

3 Although examples of input–output data  for which 𝑈 ( ,𝑀, 𝜹) and 𝑈 ( ,𝑀) are not monotonic for all 𝑀 ∈ N can be found, in the vast majority of tested 
data sets, (11) turns out to be a monotonic function for all 𝑀 ∈ N.
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conflicting objectives: (i) the efficiency of the observed organizations and (ii) the input–output divisibility. Given the inherent tension between 
these two objectives, we design an axiomatic characterization of 𝑀∗() motivated by its ability to balance: (i) the goodness of fit maximization 
(which is attained under minimal divisibility 𝑀 = 1), (ii) the traditional  economic theory assumption of infinitely divisible inputs and outputs 
(which is attained under maximal divisibility 𝑀 = ∞).

We approach this trade-off as a bargaining game between two imaginary players. One player ( called the efficiency player) prefers a 
parametrization of the NDPPS in which the observed organizations attain the maximum efficiency (which is the case of the NCPPS associated 
to 𝑀 = 1). The other player ( called the divisibility player) prefers a parametrization of the NDPPS where all input–output pairs are infinitely 
divisible (which is the case of the CPPS associated to 𝑀 = 𝑀𝑈𝐵). The metaphor of two imaginary agents maximizing efficiency and divisibility is 
rooted in a statistical argument, so that the designed bargaining framework represents a conceptual tension between statistical evidence (favoring 
𝑀 = 1) and an  apriori economic assumption (favoring 𝑀 = ∞).4 Everything in between is mapped into the utility possibility set   of the 
bargaining game, containing the utility levels associated with each value of 𝑀 .

Formally, we consider the utility of the efficiency player:
{

𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈ ∶ N × R+ → [0, 1] if 𝛿𝑘 is an exogenous parameter (problem (8a)–(8f)),
𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈ ∶ N → [0, 1] if 𝛿𝑘 is a decision variable (problem (9a)–(9g)),

and the one of the divisibility player 𝑈𝐷 ∶ N → [0, 1]. The function composition (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝜹,𝑀) and (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝑀) are used as a short 
notation for 𝑈𝐸 (𝛽1(𝛿1,𝑀, 𝑠), …, 𝛽𝐾 (𝛿𝐾 ,𝑀, 𝑠)) and 𝑈𝐸 (𝛽1(𝑀, 𝑠),… , 𝛽𝐾 (𝑀, 𝑠)).

Axiom A9 ( A9: Utility Properties). Players utilities are required to satisfy the following properties:
(i) If there exists 𝑀 ′ ∈ N and 𝜹′ ∈ 𝛥𝐾 such that 𝐩(𝑠)⊤𝐛𝑘(𝑠) = 𝛽𝑘(𝛿′𝑘,𝑀

′, 𝑠) for all 𝑘 ∈  (all firms are efficient), then (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝜹′,𝑀 ′) = 1. 
Similarly, if there exists 𝑀 ′ ∈ N such that 𝐩(𝑠)⊤𝐛𝑘(𝑠) > 𝛽𝑘(𝑀 ′, 𝑠), for all 𝑘 ∈  (all firms are efficient), then (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝑀 ′) = 1.

(ii) If there exists 𝑘 ∈ , 𝑀 ′ ∈ N and 𝛿′𝑘 ∈ 𝛥 for which 𝐩(𝑠)⊤𝐛𝑘(𝑠) > 𝛽𝑘(𝛿′𝑘,𝑀
′, 𝑠), then (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝜹′,𝑀 ′) < 1. Similarly, if there exists 

𝑘 ∈ , 𝑀 ′ ∈ N for which 𝐩(𝑠)⊤𝐛𝑘(𝑠) > 𝛽𝑘(𝑀 ′, 𝑠), then (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝑀 ′) < 1.
(iii) Both (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝜹,𝑀) and (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝑀) are non-increasing in 𝑀 ∈ {𝑚 ∶ 𝑚 = 2ℎ, ℎ ∈ N} (see Proposition  2).
(iv) 𝑈𝐷(𝑀) is increasing in 𝑀 ∈ N and 𝑈𝐷(1) = 0 and 𝑈𝐷(𝑀𝑈𝐵) = 1.

Properties (i), (ii) and (iii) imply that (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝜹,𝑀) and (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝑀) correctly encode candidate gain functions 𝑈 and 𝑈 , 
which quantify the fit between the cost or revenue functions and the empirically observed cost or revenue values. Furthermore, these regularity 
conditions ensure that both utility functions correctly represent player’s preferences for efficiency and divisibility. A possible specification of 
(𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝜹,𝑀) and (𝑈𝐸◦{𝛽𝑘,𝑠}𝑘∈)(𝑀), satisfying properties (i), (ii) and (iii) in Axiom  A8, is provided in (11). Likewise, a possible 
specification of 𝑈𝐷(𝑀), property (iv) in Axiom  A8, is 

𝑈𝐷(𝑀) =
𝑀𝑈𝐵

𝑀𝑈𝐵 − 1
(

1 −𝑀−1) . (12)

Definition 1.  A cooperative bargaining game between efficiency and divisibility is a pair ( ,𝐝), where 𝐝 = [𝑑𝐸 , 𝑑𝐷]⊤ denotes the vector of 
disagreement points, corresponding to payoffs each player will get if the bargaining process fails, and   denotes the utility possibility set, which 
is defined as 

 =  =
{

(𝑣𝐸 , 𝑣𝐷) ∶ 𝑣𝐸 ≤ (𝑈𝐸◦{𝛽𝑘}𝑘∈)(𝜹,𝑀), 𝑣𝐷 ≤ 𝑈𝐷(𝑀), 𝑀 ∈ N𝑀𝑈𝐵
, 𝜹 ∈ 𝛥𝐾

}

, (13)

if 𝜹 is an exogenous parameter of problem (8a)–(8f), and 

 =  =
{

(𝑣𝐸 , 𝑣𝐷) ∶ 𝑣𝐸 ≤ (𝑈𝐸◦{𝛽𝑘}𝑘∈)(𝑀), 𝑣𝐷 ≤ 𝑈𝐷(𝑀), 𝑀 ∈ N𝑀𝑈𝐵

}

, (14)

if 𝜹 is a decision variable of problem (9a)–(9g).
The distinction between these two cases captures estimation assumptions about how the returns to scale can be inferred from the observed 

collection of input–output pairs  .

Remark 3.  We have the following relation:  ⊆  .

The proposed estimation method for the discrete divisibility 𝑀 consists in characterizing an equilibrium point for ( ,𝐝) based on the 
Kalai–Smorodinsky axiomatic approach (Kalai & Smorodinsky, 1975; Roth, 1979; Peters & Tijs, 1984). Like the Nash bargaining solution, the Kalai–
Smorodinsky bargaining solution (KSBS) relies upon the standard axioms of Pareto optimality, symmetry, and invariance to affine transformations. 
However, the KSBS replaces the independence of irrelevant alternatives assumption with a monotonicity assumption, consistently with our Axiom 
A8. This is based on the idea that increasing a player’s utility possibility set with higher utility levels must always benefit that player.5 In the 

4 These two principles are metaphorically depicted as utility-maximizing agents, even if they are not embodied by specific institutions.  One may think about 
the efficiency player in terms of an industry association interested in promoting efficiency. Relatedly, one may think about the divisibility player as a regulatory 
body interested in promoting divisibility to guarantee competition.

5 The independence of irrelevant alternatives axiom, that has frequently raised theoretical and experimental objections (Kalai & Smorodinsky, 1975; Luce & 
Raiffa, 1989), neglects the opportunity cost of unilaterally beneficial options. Different contributions have tried to relax or replace this axiom. For instance, Peters 
and Van Damme (1991) provide an equivalent characterization of the Nash bargaining solution that does not require the formal inclusion of this axiom, but that 
instead relies upon changes in the disagreement point.
973 



K. Kerstens et al. European Journal of Operational Research 329 (2026) 966–980 
context of selecting an equilibrium discrete divisibility value 𝑀 , this monotonicity axiom captures the fact that enlarging the data set with the 
inclusion of highly efficient firms must increase the bargaining power of the efficiency player and consequently imply a reduction in the value of 
𝑀 (at equilibrium).

Definition 2 (KSBS Characterization). Consider the best utility 𝑢𝐸 and 𝑢𝐷 each player can achieve in a feasible agreement:
𝑢𝐸 = sup 𝑢,  subj. to ∃ 𝑣, (𝑢, 𝑣) ∈  ,
𝑢𝐷 = sup 𝑣,  subj. to ∃ 𝑢, (𝑢, 𝑣) ∈  .

The KSBS is the maximum element in   on the line joining the disagreement point (𝑑𝐸 , 𝑑𝐷) and the best utility (𝑢𝐸 , 𝑢𝐷).
It is important to note that in its original formulation, as proposed by Kalai and Smorodinsky (1975), the characterization of the KSBS requires 

  to be a convex set (which is not the case of (13) and (14), as 𝑀 ∈ N). However, Conley and Wilkie (1991) show that Definition  2 is still a valid 
characterization of the KSBS if   is comprehensive.

Definition 3 (Comprehensiveness). We say that   is 𝐝-comprehensive iff for any 𝒖 ∈  , if 𝐯 ⪯ 𝒖 and 𝐝 ⪯ 𝐯, then 𝐯 ∈  , where ⪯ denotes the 
elementwise vector inequality.

The KSBS of ( ,𝐝) is then obtained by defining the line joining the disagreement point and the best utility (or disutility), which is
{[

𝑑𝐸
𝑑𝐷

]

+
[

𝑢𝐸 − 𝑑𝐸
𝑢𝐷 − 𝑑𝐷

]

𝑡 ∶ 𝑡 ∈ R
}

.

Therefore, the maximum element in the intersection between this line and   is given by the solution of the following pair of problems: 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

max
𝑀, 𝜹

min

{

(𝑈𝐸◦{𝛽𝑘}𝑘∈)(𝜹,𝑀) − 𝑑𝐸
𝑢𝐸 − 𝑑𝐸

,
𝑈𝐸 (𝑀) − 𝑑𝐷

𝑢𝐷 − 𝑑𝐷

}

(15a)

s.t. 𝑀 ∈ {1,… ,𝑀𝑈𝐵}, 𝜹 ∈ 𝛥𝐾 , (15b)

 for the case of (13) (namely, when 𝜹 is regarded as an exogenous parameter with respect to the cost and revenue function, which entails that it 
is decided by the bargaining game), and 

⎧

⎪

⎪

⎨

⎪

⎪

⎩

max
𝑀

min

⎧

⎪

⎨

⎪

⎩

(𝑈𝐸◦{𝛽𝑘}𝑘∈)(𝑀) − 𝑑𝐸
𝑢𝐸 − 𝑑𝐸

,
𝑈𝐸 (𝑀) − 𝑑𝐷

𝑢𝐷 − 𝑑𝐷

⎫

⎪

⎬

⎪

⎭

(16a)

s.t. 𝑀 ∈ {1,… ,𝑀𝑈𝐵}, (16b)
 for the case of (14) (namely, when 𝜹 is established in either the cost or revenue optimization problems).

The numerical characterization of the KSBS from problems (15) and (16) involves the solution of nonlinear integer bilevel problems with respect 
to decision variables 𝑀 ∈ {1,… ,𝑀𝑈𝐵} and 𝜹 ∈ [𝛥𝐿𝐵 , 𝛥𝑈𝐵]𝐾 . Each evaluation requires the solution of 𝐾 integer programming problems in the 
form of the cost and revenue functions (8a)–(8f) and (9a)–(9g).

Example 2.  Let us consider the collection of input–output data { (ℎ)}𝑎̃ℎ=1, with 𝑛 = 𝑚 = 1 and 𝐾 = 3, as presented in Example  1, where 𝑎̃ ∈ N, 
𝑎̃ > 1, 𝑠 = 0 and 𝐩(𝑠) = 𝟏, and input–output pairs are defined in accordance with (7). We have:

𝐩(0)⊤𝐛𝑘(0) =
{

−1  if 𝑘 = 1 and 𝑘 = 2,
−𝑎̃  if 𝑘 = 3.

Let 𝛽(ℎ)𝑘 (1,𝑀, 0) be the optimal value of (8a)–(8f), based on the input–output data  (ℎ), for each ℎ = 1,… , 𝑎̃:

𝛽
(ℎ)
𝑘 (1,𝑀, 0) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

min −𝑧1 − 𝑧2 − 𝑎̃𝑧3
s.t. 𝑧1 + 𝑥̃2(ℎ)𝑧2 + 𝑎̃𝑧3 ≥ 𝑥̃2(ℎ)

𝑧1 + 𝑧2 + 𝑎̃𝑧3 = 1

𝑧1, 𝑧2, 𝑧3 ∈
{

0, 1
𝑀

, 2
𝑀

,… , 1
}

.

We have:
⎧

⎪

⎨

⎪

⎩

𝛽
(ℎ)
1 (1,𝑀, 0) = −1

𝛽
(ℎ)
3 (1,𝑀, 0) = −𝑎̃

 and 𝛽
(ℎ)
2 (1,𝑀, 0) =

⎧

⎪

⎨

⎪

⎩

−1  if ℎ ≤ 𝑀

−
(

1 − 1
𝑀2(ℎ)

)

+ 1
𝑀2(ℎ)

𝑎̃  otherwise.

where

𝑀2(ℎ) = min
{

𝓁 ∈ N |

|

|

𝓁
( 𝑎̃ + 1

ℎ
− 𝜖

)

≤ 𝑎̃
}

Therefore, for all 𝑀 ≤ ℎ:

⎧

⎪

⎪

⎨

⎪

⎪

𝐩(0)⊤𝐛1(0) − 𝛽
(ℎ)
1 (1,𝑀, 0) = 0

𝐩(0)⊤𝐛2(0) − 𝛽
(ℎ)
2 (1,𝑀, 0) = 0

𝐩(0)⊤𝐛 (0) − 𝛽
(ℎ)
(1,𝑀, 0) = 0
⎩

3 3
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Using (11), we obtain:

𝑈̃ (ℎ)(𝑀) = (𝑈𝐸◦{𝛽
ℎ
𝑘}𝑘∈)(1,𝑀) =

⎧

⎪

⎨

⎪

⎩

1  if ℎ ≤ 𝑀

1 − 𝑎̃ − 1

𝑎̃min
{

𝓁 ∈ N |

|

|

𝓁
( 𝑎̃ + 1

ℎ
− 𝜖

)

≤ 𝑎̃
}

 otherwise.

Setting 𝑑𝐷 = 𝑑𝐸 = 0 and plugging the utilities into (15), we obtain:

min
{

𝑈̃ (ℎ)(𝑀), 𝑈𝐷(𝑀)
}

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑈𝐷(𝑀)  if ℎ ≤ 𝑀

min

⎧

⎪

⎨

⎪

⎩

1 − 𝑎̃ − 1

𝑎̃min
{

𝓁 ∈ N |

|

|

𝓁
( 𝑎̃ + 1

ℎ
− 𝜖

)

≤ 𝑎̃
}
, 𝑈𝐷(𝑀)

⎫

⎪

⎬

⎪

⎭

 otherwise.

Since by Axiom  A8, the utility 𝑈𝐷(𝑀) is non-increasing, then max𝓁∈N min
{

𝑈̃ (ℎ)(𝓁), 𝑈𝐷(𝓁)
}

= ℎ.

The main insight from Example  2 can be summarized in the following Remark  4, emphasizing that the proposed bargaining game and 
corresponding KSBS solution for the estimation of the natural divisibility 𝑀 captures the observed discretization of input–output data  and 
is sensitive to its specific realization.

Remark 4.  For each 𝑀 ∈ N and for each specification of 𝑈𝐷(𝑀) satisfying Axiom  A8, there exist an input–output data set  for which 
𝑀 = max𝓁∈N min

{

(𝑈𝐸◦{𝛽𝑘}𝑘∈)(1,𝓁), 𝑈𝐷(𝑀)
}

.

In the general case, since (𝑈𝐸◦{𝛽𝑘}𝑘∈)(𝜹,𝑀) and (𝑈𝐸◦{𝛽𝑘}𝑘∈)(𝑀) are implicitly defined from the solutions of problems (8a)–(8f) and 
(9a)–(9g), respectively, problems (15) and (16) constitute bilevel programming problems, where the leader selects 𝑀 and 𝜹 (or 𝑀 only, for the 
case of (16)) and 𝐾 followers select 𝐳𝑘 (or 𝐳𝑘 and 𝛿𝑘, for the case of (16)), for each 𝑘 ∈ .

Note that bilevel programming techniques have been previously adopted in the context of efficiency and productivity analysis. Wu et al. (2016), 
for example, study operational efficiency improvement in a supply chain with an upstream leader and downstream followers to assess the potential 
gains from a merger. To the best of our knowledge, our own bilevel bargaining framework has not been pursued in an efficiency and productivity 
context.

4. Numerical and empirical analysis

This section provides empirical support to the theoretical framework developed thus far.  Recall that the numerical characterization of the KSBS 
from problems (15) and (16) requires solving nonlinear integer bilevel problems with respect to decision variables 𝑀 and 𝜹. Furthermore, each 
evaluation requires the solution of 𝐾 integer programming problems for the cost and revenue functions (8a)–(8f) and (9a)–(9g). One option is to 
construct a single-level reformulation of the nonlinear integer bilevel problems: this strategy is developed in Appendix B. An alternative option 
is using an enumerative method by constructing a grid enumerating over both 𝑀 and 𝜹. Depending on especially the size of the sample 𝐾, this 
enumerative approach may well be the preferred solution method and it is the one adopted here.

In this section, we perform a large scale computational experiment with multiple configurations of cost and revenue functions and bargaining 
specifications based on two empirical applications. These empirical applications are described in detail in Section 4.1  below, while the 
corresponding numerical tests are provided in Section 4.2.

4.1. Data

We describe here the two secondary data sets used to conduct our numerical and empirical analysis. The availability of the data sets 
guarantees the replicability of our results.  The first data set of USA state-level agricultural panel data are publicly available at the following 
web address: https://github.com/StefanoNasini/Natural-Divisibility-Files/tree/main/AgriculturalData. The second data set of USA banking data is 
publicly available at the following web address: https://github.com/StefanoNasini/Natural-Divisibility-Files/tree/main/BankingData.

Our first application relies on USA state-level agricultural panel data that have been compiled by the U.S. Department of Agriculture (USDA). 
The balanced panel data set of 45 states covers the years ranging from 1960 to 2004. It includes prices and quantities for three outputs (crops, 
livestock, and others) and four inputs (land, intermediate inputs, capital, and labor). More details on these data are found in Ball et al. (2014). 
Since these agricultural data are subject to productivity change (see, e.g., Ang and Kerstens (2017) or Ball et al. (2014)), for our illustrative purpose 
we estimate a frontier on a year-by-year basis.

Our second application relies on a  USA banking data set generated from a random sample of 322 independent banking firms from the Federal 
Deposit Insurance Corporation tapes for 1986  (see Aly et al. (1990)). The inputs are labor, capital, and loanable funds. Labor is measured by 
the number of full-time employees at the end of the time period. Capital is measured by the book value of premises and fixed assets (including 
capitalized leases). Loanable funds include time and saving deposits, notes and debentures, and other borrowed funds. Both capital and loanable 
funds are expressed in thousands of dollars. There are five outputs available measured in thousands of dollars: real estate loans; commercial 
and industrial loans; consumer loans; all other loans; and demand deposits. The input price of labor is obtained by dividing the total employee 
expenditures by the total number of employees. The input price of capital is proxied by taking the total expenditures on premises and fixed assets 
divided by book value. The price of loanable funds is derived by taking the sum of interest expenses on time deposits and other loanable funds 
divided by the total loanable funds.
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Table 1
Frequency table of 45 years ×4 model instances. Rows contain the absolute frequencies of the equilibrium 𝑀 over 45 instances 
corresponding to the time periods. 
 Firm problem 𝑠 𝛿𝑘 selection 𝑀

 1 2 3 >3 
 rev-max 𝑠 = 0 Model (15) 0 44 1 0  
 rev-max 𝑠 = 0 Model (16) 0 9 36 0  
 cost-min 𝑠 = 1 Model (15) 0 45 0 0  
 cost-min 𝑠 = 1 Model (16) 0 25 20 0  

Table 2
Efficiency comparison for the cost function (𝑠 = 1)  averaged over the time horizon (1960–2004).
 𝑀 = ∞ 𝑀 = 2 𝑀 = 1 Cost function 𝛽𝑘(𝑀, 1)

 min mean max  
 𝑀 = ∞ 38.40 32.69 26.71 13026.00 906416.30 4416871.00 
 𝑀 = 2 – 32.64 25.98 22137.37 1074700.50 4416871.00 
 𝑀 = 1 – – 26.71 22137.37 1169455.50 4419453.00 

Table 3
Efficiency comparison for the revenue function (𝑠 = 0)  averaged over the time horizon (1960–2004). 
 𝑀 = ∞ 𝑀 = 2 𝑀 = 1 Revenue function 𝛽𝑘(𝑀, 0)

 min mean max  
 𝑀 = ∞ 28.62 9.91 1.49 35983.77 2509586.00 9826805.00 
 𝑀 = 2 – 9.91 1.49 30156.28 2237567.00 9688275.00 
 𝑀 = 1 – – 1.49 30156.28 2116853.00 9642144.00 

4.2. Empirical tests

USA state-level agricultural panel data. Our first numerical tests involve a collection of 2 × 45 bargaining problems, obtained by solving (15) and 
(16) for both cost (𝑠 = 1) and revenue (𝑠 = 0) functions for each of the 46 year annual input–output data. This results in 180 numerical instances. 
Table  1  summarizes the 𝑀 solutions of this collection of numerical instances, focusing on displaying the differences of the estimated natural 
divisibility under the cost minimization and revenue maximization, as well as  under the endogenous bargaining selection of the returns to scale 
parameter.

The first insight from Table  1 is the prominent appearance of 𝑀 = 2 as the estimated natural divisibility level in the vast majority of instances. 
In the same line, 𝑀 = 3 appears 57 times  out of 180. No structural differences can be observed between rev-max 𝑠 = 0 and cost-min 𝑠 = 1. The 
use of model (15) leads to an overwhelming majority of 𝑀 = 2, while the use of model (16) leads to a combination of 𝑀 = 2 and 𝑀 = 3.6

Tables  2 and 3 compare the number of inefficient states when using 𝑀 = ∞ (CPPS), 𝑀 = 1 (NCPPS), and when using the estimated 𝑀 = 2
averaged over the analyzed time horizon.  Columns two, three and four contain the number of states classified as inefficient by CPPS, by NDPPS, 
and by NCPPS. Columns five, six and seven contain the minimum, average and maximum cost functions. All values are averaged over the analyzed 
time horizon. Focusing first on the cost minimization in Table  2, out of 45 states, on average 38.40 are labeled as inefficient by CPPS, 26.71 by 
NCPPS, and 32.64 when the endogenous NDPPS is taken into account. This average tends to decline with the value of 𝑀 . The number of states 
classified as inefficient by both CPPS and the endogenous natural divisibility approach is on average 32.69, and the number of states that are 
classified as inefficient by both NCPPS and the endogenous natural divisibility approach is 25.98. Finally, the number of inefficient states based 
on both NCPPS and CPPS is 26.71. The second vertical part of this table (columns five to seven) contains the minimum, average, and maximum 
cost function values for CPPS, NDPPS and NCPPS. While the average value tends to decrease in 𝑀 , the maximum is identical for all 𝑀 and the 
minimum is identical for NDPPS and NCPPS.

These numbers vary somewhat when focusing on revenue maximization in Table  3. In this case, on average 28.62 states are labeled as inefficient 
by CPPS, 1.49 by NCPPS, and 9.91 by the endogenous NDPPS approach. Again, this average diminishes with the value of 𝑀 . Furthermore, on 
average 9.91 states are classified as inefficient by both CPPS and the endogenous natural divisibility approach; 1.49 states are classified as inefficient 
by both NCPPS and the endogenous natural divisibility approach; and 1.49 are classified as inefficient by both NCPPS and CPPS. The second vertical 
part of this table contains the minimum, average, and maximum revenue function values for CPPS, NDPPS and NCPPS. While the average value 
tends to increase in 𝑀 , the maximum is identical for all 𝑀 and the minimum is identical for NDPPS and NCPPS.

The summary statistics in columns five, six and seven of Table  2 report the minimum, mean, and maximum cost for 𝑀 = ∞ (CPPS), 𝑀 = 1
(NCPPS), and when using the estimated 𝑀 = 2. The average cost under NCPPS is about 11% higher than under CPPS and about 3.8% higher than 
under 𝑀 = 2. The minimum cost under NCPPS equals the one under 𝑀 = 2, and both of these are 41.8% higher than under CPPS. The maximal 
costs under NCPPS equals the one under 𝑀 = 2, and both of these are about 9% higher than under CPPS.  Furthermore, the summary statistics of 
the revenue function, presented in columns five, six, and seven of Table  3, provide the minimum, mean, and maximum revenue for three scenarios: 
𝑀 = ∞ (CPPS), 𝑀 = 1 (NCPPS), and the estimated 𝑀 = 2. On average, revenue under CPPS is approximately 15% higher than under NCPPS and 
5.73% higher than under 𝑀 = 2. The minimum revenue in CPPS exceeds that of NCPPS by 53.76%, while NCPPS revenue is equal to that under 
𝑀 = 2. Similarly, the maximum revenue under CPPS is 4.89% higher than in NCPPS, with NCPPS revenue once again matching that under 𝑀 = 2.

6  To complement the assessment of this estimation results, Appendix C provides graphical illustrations of the estimated utility possibility sets, for the different 
values of 𝑀 .
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Fig. 2. Minimum inputs for capital (a), land (b), labor (c), and energy (d). The red dashed line depicts the observed minimum input per single year, whereas the black dashed 
line depicts the minimum input per single year divided by the estimated divisibility level 𝑀∗() of the corresponding year.  (For interpretation of the references to color in this 
figure legend, the reader is referred to the web version of this article.)

For reasons of space, we now turn to an interpretation of these optimal divisibility levels 𝑀∗() for just all four inputs. Fig.  2 illustrates the 
extent to which the inputs capital (a), land (b), labor (c), and energy (d) can be scaled down based on the estimated divisibility level of each year 
along the analyzed time horizon. All four parts of the plots report: on the one hand, the observed minimum input quantity per year (in red), and on 
the other hand, the observed minimum input quantity divided by the optimal estimated natural divisibility level 𝑀∗() (in black). Note that since 
we have a total of four models (revenue maximization versus cost minimization; endogenous versus exogenous 𝛿𝑘), we take the average across 
these four optimal estimated natural divisibility levels 𝑀∗().7

First, when analyzing the input capital in part (a) of Fig.  2, the minimal observed input experiences an almost continuously declining trend, 
with only a slight exception in the early 1980s.  We observe a rather similar pattern for the optimal minimal input, but with only about one-half 
of the input quantities, with some sawtooth fluctuations over the years. Second, when analyzing the input land in part (b) of Fig.  2, the minimal 
observed input experiences first a strongly declining trend followed by an almost stationary trend.  We observe a similar pattern for the optimal 
minimal input, but with only about one-third of the input quantities. Third, when analyzing the input labor in part (c) of Fig.  2, the minimal 
observed input experiences an almost continuously decreasing trend.  We observe a slightly less attenuated pattern for the optimal minimal input, 
but with only about one-half of the input quantities at the start of the period and less so near the end of the period. Finally, when analyzing the 
input energy in part (d) of Fig.  2, then we see a slightly declining trend, but with some clear upward spikes in the 1970s as well as in recent years.

This suggests a level of input divisibility for all four inputs along the analyzed time horizon that reveals that entry barriers in agriculture are 
rather low and seem to have come down a bit over time. This application thereby provides a concrete managerial interpretation of the estimated 
𝑀∗(), since it shows how optimal divisibility affects the minimum viable scale of production thereby revealing the relevance of the step-wise, 
nonconvex nature of the 𝑀-parametrized production frontier for firms’ operations and investment decisions.
Banking data set . Our second numerical tests involve 𝐾 = 322 independent banking firms, where 𝑛 = 5 inputs and 𝑚 = 3 outputs are observed, as 
described above. Since we only have input prices, we only consider the cost minimization approach and the two bargaining solutions, obtained by 
solving (15) and (16).  In both cases, the estimated natural divisibility level is 𝑀 = 2. This clearly indicates that also in the context of banking data, 

7  This result has been validated in Appendix D using a distinct characterization of the divisibility level, which consists of computing the number of times the 
observed input–output pairs can be obtained as 𝑀-combinations of other pairs at the level of the technology. In line with this result, we observe that for 𝑀 = 1
and 𝑀 = 2, many input–output pairs are obtainable as 𝑀-combinations of other pairs.
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Fig. 3.  Densities of banks’ cost functions (truncated at 10 000) when using 𝑀 = ∞ (CPPS), 𝑀 = 1 (NCPPS), and when using the estimated 𝑀 = 2 (NDPPS).

Table 4
Efficiency comparison.  Columns two, three and four contain the number of banks classified as inefficient by CPPS, by NDPPS, 
and by NCPPS.
 𝑀 = ∞  (CPPS) 𝑀 = 2  (NDPPS) 𝑀 = 1  (NCPPS) Cost function 𝛽𝑘(𝑀, 1)

 min mean max  
 𝑀 = ∞ 317 263 182 24.97 2561.85 83775.06 
 𝑀 = 2 – 264 161 41.85 2950.91 83905.08 
 𝑀 = 1 – – 186 49.06 3232.24 83905.08 

neither the CPPS nor the NCPPS captures the observed production structures, highlighting that real-world production technologies are neither fully 
continuous nor fully discretizable at the observational level, thus confirming the practical relevance of endogenizing the PPS. Table  4 provides  an 
aggregate comparison between the number of inefficient banks when using 𝑀 = ∞ (CPPS), 𝑀 = 1 (NCPPS), and when using the estimated 𝑀 = 2
(NDPPS). Correspondingly, Fig.  3 illustrates the entire distribution of banks’ cost functions (truncated at 10 000), revealing substantial differences 
in benchmark levels across the three assumptions.

Specifically, out of 322 banking firms, 317 are labeled as inefficient by the CPPS approach, 186 by the NCPPS approach and 264 when the 
endogenous natural divisibility approach is taken into account. The number of firms that are classified as inefficient by both CPPS and the 
endogenous natural divisibility approach is 263, and the number of firms that are classified as inefficient by both NCPPS and the endogenous 
natural divisibility approach is 161. Finally, the number of firms classified as inefficient by both NCPPS and CPPS is 182.

The summary statistics of the cost function in columns five, six and seven  of Table  4 report the minimum, mean, and maximum cost for 𝑀 = ∞
(CPPS), 𝑀 = 1 (NCPPS), and when using the estimated 𝑀 = 2. The average cost under NCPPS is about 26% higher than under CPPS and about 
9% higher than under 𝑀 = 2. The minimum cost under NCPPS is 96% higher than under CPPS and about 17% higher than under 𝑀 = 2. The 
maximal costs are much closer to one another.

Overall, Fig.  3 and Table  4 reaffirm that the proposed NDPPS with endogenously estimated natural divisibility situates itself in the middle point 
between CPPS and NCPPS, dropping the strong modeling assumptions that are opposite to one another, while being related by an extreme stance 
concerning the notion of divisibility of the input–output pairs.  In banking regulation, this estimated divisibility level has significant benchmarking 
implications, as underestimating a bank’s efficiency by using CPPS could result in unjustified penalties or capital requirements. Conversely, NCPPS 
might classify an underperforming bank as efficient, thereby distorting risk assessments.

5. Conclusions

This study presents a novel methodology for analyzing the natural divisibility of inputs and outputs and provides an estimation framework 
to infer divisibility levels from observed input–output data. This is critical to determine how inputs and outputs can be scaled down with direct 
bearing on the trade-offs between efficiency and resource allocation in industrial scaling decisions. By introducing a new class of 𝑀-parametrized 
deterministic nonparametric technologies,  our work generalizes the traditional convex (𝑀 = ∞) and nonconvex (𝑀 = 1) alternatives, incorporating 
the concept of natural divisibility.  Our approach mitigates the risk of underestimating potential improvement opportunities (by restricting reference 
sets to observed input–output pairs only, as in the NCPPS) or overestimating inefficiency (due to the inclusion of unobserved convex combinations 
of actual firms, as in the CPPS), thereby supporting more robust and context-sensitive efficiency evaluations.

This is done by allowing for the endogenous estimation of natural divisibility 𝑀 from input–output data. This estimation relies on a cooperative 
bargaining game where two imaginary players target conflicting objectives: efficiency and divisibility , where efficiency is measured in terms of 
either cost or revenue functions (whose value is influenced by 𝑀). The KSBS is adopted as an axiomatic approach to determine an equilibrium 
natural divisibility level within the 𝑀-parametrized PPS.

Empirical analysis is conducted using production data from two secondary datasets: on the one hand, U.S. farm sector data at the state level 
from 1960 to 2004, and on the other hand U.S. banking data from a random sample of 322 bank s in 1986. The results reveal recurring equilibrium 
divisibility levels of 𝑀 = 2 and 𝑀 = 3. These findings hold for both cost minimization and revenue maximization approaches when the returns to 
scale parameters are considered within the bargaining scheme.

By increasing modeling flexibility, the method reveals subtler input–output dynamics, paving the way for further advancements in the field. 
Specifically,  five further directions of research are worth pointing out. Firstly, it would be important to come up with an alternative probabilistic 
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estimation framework to the KSBS framework which allows inferring the most likely or the expected 𝑀 at the industry level.8 Furthermore, while 
the current  model assumes a unique 𝑀 both for the inputs and outputs, a possible extension consists  of considering distinct natural divisibility 
levels for inputs (and even for each input) and for outputs (and even for each output).  In the same vein, to assess the robustness of our results, it 
would be crucial to determine the optimal 𝑀 at the level of the PPS rather than using cost and revenue functions. Secondly, it goes without saying 
that to assess the validity of our 𝑀-parametrized NDPPS framework as well as its potential future extensions suggested in the previous point, it is of 
utmost importance that these models are replicated with alternative data sets to see whether our empirical results remain robust. To facilitate the 
applicability of our methodology, we provide a dedicated online repository with R codes implementing the 𝑀-divisible cost and revenue functions: 
https://github.com/StefanoNasini/Natural-Divisibility-Files. Thirdly, the idea of natural divisibility can also be applied to the neighborhood-based 
approach  of Chavas and Kim (2015). This could allow focusing on two different forms of nonconvexity that can occur jointly: one driven by 
specialization and diseconomies of scope (captured by the selection of subsets of activities), and another driven by the discrete way in which such 
aggregation is attained. Fourthly, it may be worthwhile to reconsider the Bogetoft and Kerstens (2024) proposal to distinguish between useful and 
wasteful slack in production plans under the angle of an endogenous  divisibility characterization. Finally, the inclusion of natural divisibility in 
the estimation of productivity change using stochastic frontiers (as introduced by Atkinson et al. (2003)) is also a further research direction.
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Appendices

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.ejor.2025.07.046. This material comprises 
four supplementary appendices: Appendix A (Mathematical proofs), Appendix B (Single-level reformulation of the Kalai–Smorodinsky bargaining 
problem), Appendix C (Estimated utility possibility sets), and Appendix D (Robustness validation).
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